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Introduction

Standard quantum computing is based on quantum systems described by
finite dimensional Hilbert spaces, specially C2, that is the two-dimensional
space where gbits live. A qubit (the quantum counterpart of the classical
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bit) is represented by a unit vector in C? and, generalizing for a positive
integer n, n-qubits are represented by unit vectors in ®"*C2. Similarly to the
classical case, it is possible to study the behavior of a number of quantum
logical gates (hereafter quantum gates, for short) operating on gbits. These
quantum gates are represented by unitary operators.

In35 a quantum gate system based on Toffoli gate is studied. This sys-
tem is interesting for two main reasons: (i) it is related to continuous t-
norms,'* i.e., continuous binary operations on the interval [0,1] that are
commutative, associative, non-decreasing and with 1 as the unit element.
They are naturally proposed in fuzzy logic as interpretations of the conjunc-
tion.!3 (ii) A generalization of the mentioned system to mixed states allows
us to connect it with sequential effect algebras,'? introduced to study the
sequential action of quantum effects which are unsharp versions of quantum
events.' 12 However there exists another quantum gate, the Fredkin gate,
whose behavior is similar to the Toffoli gate. Moreover, under particular
conditions, it allows us to represent the same continuous t-norms that Tof-
foli gate. It suggests to introduce a comparison between Toffoli and Fredkin
gates.

The aim of this paper is to study a probabilistic type representation
of Toffoli and Fredkin gates based on Lukasiewicz negation -z = 1 — x,
Lukasiewicz sum z ¢ y = min{z + y, 1} and Product t-norms z - y in the
framework of quantum computation with mixed states and to establish
a comparison between both. Note that, the interval [0, 1] equipped with
the operations (&, -, ), defines an algebraic structure called product MV -
algebra (PMV-algebra for short).!” In our representation, circuits made
from assemblies of Toffoli and Fredkin gates, can be probabilistically repre-
sented as (@, -, )-polynomial expressions in a PMV-algebra. In this way,
P MYV -algebra structure related to Toffoli and Fredkin gates, plays a similar
role than Boolean algebras describing digital circuits.

The paper is organized as follows: in Section 1 we introduce basic notions
of quantum computational logic and we fix some mathematical notation. In
Section 2 we briefly describe the Controlled Unitary Operations, that turn
out to be very useful in the rest of the paper. In Section 3 and in Section 4
fuzzy representations related to Toffoli and Fredkin gates are respectively
provided. In Section 5 we make a comparison between Toffoli and Fredkin
gate.
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1. Basic notions

In quantum computation, information is elaborated and processed by means
of quantum systems. Pure states of a quantum system are described by
unit vectors in a Hilbert space. A quantum bit or g¢bit, the fundamental
concept of quantum computation, is a pure state in the Hilbert space C2.
The standard orthonormal basis {|0),|1)} of C? is generally called quantum
computational basis. Intuitively, |1) is related to the truth logical value and
|0) to the falsity. Thus, pure states |¢) in C? are superpositions of the basis
vectors with complex coefficients: [¢)) = ¢|0)+c1|1), where |cg|? +|c1|? = 1.

In the usual representation of quantum computational processes, a quan-
tum circuit is identified with an appropriate composition of quantum gates,
mathematically represented by unitary operators acting on pure states of a
convenient (n-fold tensor product) Hilbert space ®"C2.'® A special basis,
called the 2"-standard orthonormal basis, is chosen for ®™C?. More pre-
cisely, it consists of the 2"-orthogonal states [¢), 0 < ¢ < 2™ where ¢ is in
binary representation and |¢) can be seen as the tensor product of states
[t) = Je1) @ |t2) ® ... ® |tn), where ¢; € {0,1}. It provides the standard
quantum computational model, based on gbits and unitary operators.

In general, a quantum system is not in a pure state. This may be caused,
for example, by the non-complete efficiency in the preparation procedure
or by the fact that systems can not be completely isolated from the envi-
ronment, undergoing decoherence of their states. On the other hand, there
are interesting processes that can not be encoded in unitary evolutions. For
example, at the end of the computation a non-unitary operation - a mea-
surement - is applied, and the state becomes a probability distribution over
pure states, or what is called a mized state. In view of these facts, several
15,7810 have paid attention to a more general model of quantum
computational processes, where pure states are replaced by mixed states.

authors

In what follows we give a short description of this mathematical model.

To each vector of the quantum computational basis of C? we may
associate two density operators Py = [0)(0] and P, = [1)(1| that rep-
resent the standard basis in this framework. Let P, be the operator
Pl(") = (@ ') ® P, on ®"C?, where I is the 2 x 2 identity matrix.
Clearly, Pl(n) is a 2"-square matrix. By applying the Born rule, we con-
sider the probability of a density operator p as follows:

plp) = tr(P{™ p) (1)

We focus our attention in this probability values since it allows us to es-
tablish a link between Toffoli gate and fuzzy connectives. Note that, in the
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particular case in which p = |¢) (1| where |[¢)) = ¢¢|0) + ¢1]1), we obtain
p(p) = |e1|?. Thus, this probability value associated to p is the generaliza-
tion, in this model, of the probability that a measurement over |¢) yields |1)
as output. A quantum operation'® is a linear operator € : L(H1) — L(Hz)
where £(H;) is the space of linear operators in the complex Hilbert space H;
(i =1,2), representable as £(p) = >, A;pAl, where A; are operators satis-
fying >, AIAi = I (Kraus representation'®)
operation maps density operators into density operators. Each unitary op-

. It can be seen that a quantum

erator U gives rise to a quantum operation O such that Oy (p) = UpUT
for any density operator p. In the case in which U is a real unitary operator,
then probability of Oy (p) is simply given by

p(Oy) = tr(P" - UpU) = tr(UP{™U) - p). 2)

The model based on density operators and quantum operations is called
“quantum computation with mized states”. It allows us to also represent
irreversible processes as measurements in the middle of the computation.

The connection between a quantum operation £ and continuous ¢-norms
arises when the generic probability values p(€(—®...®—) can be described
in terms of the operations (@, -, =) defined in the introduction.

Let us define a (®,-,),-polynomial expression as a function f :
[0,1]™ — [0,1] built only using the three operations (®,-,—) and n vari-
ables.

Now we can formally introduce the connection between quantum oper-
ations and continuous ¢-norms.

Definition 1.1. Let £ : £(®™C?) — L£(®"C?) be a quantum operation.
Then & is said to be (@, -, —),-representable if and only if there exists a
(B, -, =)n-polynomial expression f : [0,1]™ — [0,1] and natural numbers
ki,...ky, satisfying k1 4+ ...+ k, = m, such that:

PE(P ®@...@pn)) = f(p(p1),-- - p(pn))
where p; is a density operator in ®@*C2.

This definition turns out to be crucial in the fuzzy representations of
Toffoli and Fredkin gates provided in Section 3 and Section 4, respectively.

2. Controlled Unitary Operators

By following the standard construction of controlled operators (see, e.g.,
section 4.3 in'®), if U () is a unitary l-qubit gate, then the controlled-U
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gate operating on [ + 1 qubits assumes the following block-representation:

O] o ]

(L _

This block representation allows us to end up with the following operational
form of an arbitrary CUMY gate:

10] 0 100 0] 0

L) _ _

CUT = { 0 U(l)] - { 0 0} + {OU@]
=PIV +PoU®.

Further, the generalized control unitary CU (™! gate is given by:

_ Pém) QIW 4+ P1(m) QU® (3)

l
cymb — fm=1) g [I() 0 ]

0 lu®
— ™D g (Po @IV + P ® U<l>) = [m=D g U, (4)

As a useful example, in the special case where the unitary operator U

is the well known Not gate defined as Not = [2 (1)

to higher dimensions is given by: Not®) = 10~ @ Not, then the notion
of Control — Not gate CNot(™H is given by :

} and whose extension

CNot™) = P™ @10 + P™ g Not. (5)

3. Fuzzy representation of Toffoli gate

The Toffoli gate, introduced by Tommaso Toffoli,?! is a universal reversible
logical gate, which means that any classical reversible circuit can be built
from an ensemble of Toffoli gates. This gate has three input bits (x,y, 2)
and three output bits. Two of the bits, x and y, are control bits that are
unaffected by the action of the gate. The third bit z is the target bit that
is flipped if both control bits are set to 1, and otherwise is left unchanged.
The application of the Toffoli gate to a set of three bits is dictated by:

T(x,y,2) = (,y,2y+2)

where F is the sum modulo 2. The Toffoli gate can be used to reproduce
the classical AND gate when z = 0 and the NAND gate when z = 1.

The classical definition of the Toffoli gate can extended as a quantum
gate in the following way.
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Definition 3.1. For any natural numbers n,m,l > 1 and for any vec-
tors of the standard orthonormal basis |z) = |z1...7,) € ®@"C?, |y) =
Y1 ... Ym) € @™C? and |2 ... 2) € ®'C?, the Toffoli quantum gate 7!
(from now on, shortly, Toffoli gate) on ®@"*™*!C? is defined as follows:

TrmD(|2) @ y) @ [2)) = [2) @ |y) @ |Taym+21)-

Taking into account that the Toffoli gate can be interpreted as a Control-
Control-Not gate,? we have that:

T(n,m,l) _ CCNOt(n’m’l) _ I(n—1)®

J(m+1) ‘ 0
0 [CNot™

= PMeImth 4 pM g CONott™D

= I™-pPMeIth 4+ pM g ((IW —PM)ye 10 + p™ g Not(l))
= (It — piM g Py g 14 4 P @ PI™ @ Not® =

= [emth 4 p™ e p™ @ (Not® — 1(1)) .

The following Theorem provides a fuzzy representation founded of the
probability value of the Toffoli gate.

Theorem 3.1. Let p,o,7 be density operators such that p € @"C?, o €
®@MC? and T € ®'C2. Then

p(T™ D (p@o@r) T ™) = (1= p(r))p(p)p(o) +p(r)(1 = p(p)p(0))

and the quantum operation associated to T(™™b s (®, -, )3-representable
by—z-x-y ® z-—(x-y).
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Proof.
p(T™mD(p@ o @ r)TmmD) =
= tr(Pl(nerH)T(”’m’l(p ®o @ )Tl =
= tr(P""™ V(1 — 1 @ PI™) @ 1O +
+ P @ PI™ @ NotW)(pwowr) (I - PM™ @ PI™) o 10 1+ P @ PI™ @ Not®)) =
= tr((I™™ — 1™ ¢ P™) @ PV +
+ P @ PI™ @ PONotD)(p0o®T) -
(™ — P @ PPy 0 1O + P @ P™) © Not®)) =
= tr((I™*™ - PV @ PI™) @ 1V + P{™ @ P{™ @ Not?)
(I — 10 @ p™) @ P +
+ P @ PI™ @ PONotD(poo o)) =
= tr((I™*™ — P @ PI™) @ PV +
+ P @ PI™ @ NotW PPNtV (p@ o @ 7)) =
= tr((I"*™ — PV @ P™)(p@ o) ® P"7) +
+tr(P™pe P™pe PV7) =
= tr((I(”+m) - Pl(n) ® Pl(m))(p ® 0))tr(P1(l)T) +
+ tr(P{™ p)tr(P{™ o )tr(P{" 1) =
= (1 =p(p)p(o))p(7) + p(p)p(a) (1 — p(7)).
(7

Since p(T"™™ Y (p @ o @ 7)T™™D) < 1, then the expression (1 —
p(p)p(a))p(1)+p(p)p(a)(1=p(7)) = (1=p(p)p(2))p(1) Dp(p)p(c) (1 =p(7)).

In this way, we simply obtain that the quantum operation associated to
T s (@, -, =)3-representable by —z-x-y © z-—(z-y). O

4. Fredkin gate and its fuzzy representation

The Fredkin gate, introduced by Edward Fredkin, is another example of
universal reversible classical logic gate.

Also Fredkin is a ternary gate, implementing a Controlled-Swap opera-
tion. More precisely, let (z,y,z) be a 3-bits input state. The first bit, say
x, is taken to be the control bit, remaining unaffected by the action of the
gate. The second and the third bits, say y and z, are the target bits that are
swapped if the control bit = is set to 1; they remain unchanged otherwise.
Fomally:

Flr,y,z) = (=, y+a(y+2), z +a(y+2)), (6)
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where, once again, + is the addition modulo 2 (equivalent to the XOR
operation of the classical sharp logic).

Let us notice that the Fredkin can reproduce the classical AND gate
(i.e., when z;, = 0, Zout = Tin * Yin ), the classical NOT gate (i.e., when
Yin = 0,2in = 1 2ouyr = mm—T—l) and the classical OR gate (i.e., when
Zin = 1 then Y,y is the OR between z;, and y;,,).

Also the Fredkin gates can also be naturally extended as a quantum
gate in the following way.

Definition 4.1. Let |z) = |z1, 22, ..., Zn), |Y) = Y1, Y2, - -, Ym) and |2) =
|21, 22 ..., 2) be vectors of the standard orthonormal basis in ®*C?, @™C?
and ®'C2, respectively. Then, the quantum Fredkin gate is defined by the
following equation:

FOmDlz g 2) = |2)|y1 - Ymets Ym + Ta(YmTa)) |21 221, 20+ Tn(Ymt+21))-

We also notice that, similarly to the Toffoli gate, also the Fredkin gate is
a control unitary gate. Hence, it can be represented by using the argument
given in Section 2. This unitary gate is the quantum SW AP gate.

Note that SWAP™ D is a linear operator that swaps the last qubit
(i.e., m*" qubit) of the its first input with the last qubit (i.e., I** bit) of
its second input.'®22 Formally, for every state |yi,...,Ym,21,--.,2) of the
computational basis:

SWAP(m’l)|y1, censYmdlzty s z) = Y, Ym—1, 20121, - - Zi=1, Ym) -
(7)
In order to introduce a matrix representation of the F(»™! gate, we
first need to provide a matrix form of the SWAP(™! gate.

1000
0010 BR|L
(1,1) _ _ 0|1
SWAP 0100 [LOH]’ ®)
0001

where L; and Lg are given by Ly = |1)(0] and Ly = |0)(1], respectively ®.
These operators can be extended to higher dimensions as L{" = 10~V g L,
and Lél) =J0=1 @ Ly, respectively. Hence, we end up with the following

2[1 and Lo are well known in atomic physics as Ladder-raising and the Ladder-lowering,
respectively.
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generalization of the Swap gate SW AP™1:

Po(l) Lgl)

SWAP™:D = [m=1) g g aptD = =1 g | Lo |71
LO ‘Pl

(9)

By referring to Eq.(3) we easily obtain the generalized quantum Fredkin
gate F(mmD) as follows.

F(n,m,l) _ Cswap(n,m,l) — I(n—1)® I(m+l) 0 (10)
0 [swapt:D
_ Pén) ®I(m+l) + Pl(n) ® SWAP(m’l) (11)
[ )] 7 @)
_ Pén) ®I(m+l) + Pl(n) ®I(m—1) ® POl Lll (12)
Ylp
L 0 1
= qmmi P g (SWAPD - pmi0) - (13)

The following Theorem provides a fuzzy representation founded of the prob-
ability value of the Fredkin gate.

Theorem 4.1. Let p,o,7 be density operators such that p € @"C?, o €
®@MC? and T € ®'C?. Then

p(F™D(p@ o) Py = (1 = p(p)) p(r) + p(p) p(o)

and the quantum operation associated to F(mmb s (®, -, 7)3-representable
by ~x-2Px-y.

Proof. By using the matrix representation of F(™! we obtain:
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Fouml) | pnmtD) | pml)

= 1@ [(Re 1) + PLoSWAP™D) . (1 g pr) - (Roo 1) 4+ P o SWAP™D)]

(P @ 10mtD) - (It @ Py) - (P @ 107HD))
+ (P I-P)®(...)
+ (P I-P)®(...)
+ (P -1-P)@Im=D . [m=1 . [(m=1)) ¢ (SWAPND . (Ie PY). sSwAPTD)
Let us recall that, Py-I-P; = Py - I - Py that correspond to the null matrix 0.
Further, SWAP™ D = [(m=D g gwApt-D.
(Po -1+ Po) @ (Im+1=10 . p{i=t) . pmt=n)
+ 0
+ 0
+ (P -T-P)®(Im=D . [m=D . [m=D) o (SWAPTD . (T @ Py . swAP™-D)
Let us recall that, for density matrices A, B, C,D of appropriate dimension, is

SWAP™D . (A<m—1> 2B Ccl-Vg D) CSWAP™D — An=1) ¢ Do cU-D g B . Hence,

— I(”*l) ®

— I(”—l) ®

= " Vg |Re P+ PoI™ Vg P ol
— PO(") ® I(m) ® Pl(l) + Pl(n) ® Pl(m) ® ](l)
(1 - P™) @1 @ PP + P P™ @10,

Therefore, by Eq.(2), the probability value of F("™!(p® o @ 7)Fm™ is
given by:

p(Fm D (pgo@r) Py = r| (100 = P ) @ 1 @ PO + P @ P™ 0 10)-(pgoor)]

which can be reduced in a straightforward manner to
(1 = p(p)) p(1) + p(p)p(o) .

Since p(F™D(p @ ¢ @ 7)F™™) < 1, then the expression
(1 = p(p) p(r) + plp)p(o) = (L = p(p)) p(r) ® p(p)p(0). In this way,
we have that the quantum operation associated to F(™™ is (@, -, =)3-
representable by ~z -z @z - y. O

5. Comparing the Toffoli and Fredkin Quantum Gates

In this Section we show are both Toffoli and Fredkin gate are able to repre-
sent the product t-norm. However, from a physical point of view, Fredking
gate turns out to be more efficient.
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An immediate consequence of the Theorem 3.1 and the Theorem 4.1
is that in the special case where 7 = Py then, for any p € ®™C?, 0 €
@"C%,7 € C%is p(T™Y(p @ 0 @ Py)T™™V) = p(FmmD(p @ o ®
Py)F(™m1)) = p(p) - p(o). Tt shows that both quantum gates represent the
product t-norm.

A crucial feature of the classical Fredkin gate, in contrast to the Toffoli
gate, is that the Fredkin gate is logically conservative. This means to say
that the number of 1’s present in the output of the gate is the same as the
number of 1’s in its input. In other words, the parity of bits remains un-
changed during the operation of logically-conservative gates like the Fredkin
Gate. 21921

This aspect turns out to be advantageous for building computational
circuits that could dissipate less energy (in comparison to the circuits of
non-conservative gates) during their operational cycles.*'? This is in the
light of the well known Landauer’s principle, according to which, there is
an unavoidable heat-dissipation-cost associated with every bit of informa-
tion that gets erased. The theoretical lower bound to the heat-generation
of this type is argued to be KgT log2. This link between the thermody-
namical reversibility and the logical conservativity is due to the well known
statistical-inviolability of the second law of thermodynamics?%16:19 follow-
ing a deconstruction of the much debated Mazwell’s demon.

This crucial aspect of the classical conservative gates gets extended to
the quantum gates as follows. Firstly, at a design level, if a gate-module
in a given circuit is logically irreversible (meaning that the information
encoded by the input states is not entirely recoverable by using the output
states alone), then it must be the case that some information about the
input states is lost from the gate-module in question. But, the problem of
weather this information is irreversibly lost or not, depends on the details
of the physical implementation of the gate: this information may either
be irreversibly lost —resulting in heat-dissipation, or be just hidden away
(in a deterministically retrievable manner) in some other module of the
physical circuit. In a similar case, it may not result in a heat generation,
but perhaps costing a memory-resource overhead. The logically reversible
gates would naturally avoid this type of dissipation at the very design-level
itself by leaving a one-to-one correspondence between the output and the
input, thereby keeping all the information about the inputs within the same
specific gate-module.

However, at the level of physical implementation, there is a further pos-
sibility that the operational cycles of even a reversible gate would involve an
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erasure of some bits of information. There are several factors which could
contribute to this information-erasure resulting in dissipation. The main
possible reason for this is as follows: though, in theory, all the memory-states
are ideally expected to be equally probable, at any non-zero temperature,
the memory states of a physical device would be unequally populated fol-
lowing a Boltzman-distribution. This is especially the case of those quantum
systems in which the encoding is done onto the energy states of a quan-
tum system. Therein, in ambient temperatures, the ground state is highly
populated and the exited states are less populated, following a Boltzman
distribution. Further, there is also a natural loss of population from the
exited states (also called as the spontaneous emission). This would make it
necessary that a standard repumping mechanism be incorporated to retain
the memory-states that are encoded using the excited states. These fac-
tors would summarily result in an asymmetry in the operational (thermo-
economical) cost of different memory-states belonging to the same physical
system.

However, there is a possible way of circumventing the above type of
dissipation by using those family gates which are not only logically-reversible
but also logically-conservative, like e.g., the Fredkin gate. The strategy is to
use an encoding of information such that the most recurring bits of an input
is mapped to the most-stable states respectively. Then, the conservativity of
the Fredkin gate would guarantee that the number of excited states remains
unaltered throughout the operational cycles of the gate: the output would
have the same number of excited states as the input was, and hence no
extra stabilization cost is required.

Thusly, following the above arguments, even though all the quantum
gates by construction are reversible, it becomes desirable to design the
circuits based on the logically conservative gates like the Fredkin gate that
has been characterized in the present work.
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